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GRASSMANNIANS OVER A FINITE FIELD
ABOLFAZL TARIZADEH
Abstract. In this paper, we characterize the GrassmannianGr(d, n)
in terms of the row echelon forms of rank d. Using this character-
ization, then in the case of finite field we give a polynomial-type
formula for the cardinality of the Grassmannian.
1. Introduction
If A is an m× n matrix over a field F then we denote by rs(A) the
subspace of F n generated by the row vectors of A and it is called the
row space of A. We denote the set of n× n row echelon forms over F
by EF (n). Also, EF (d, n) denotes the set of n × n row echelon forms
over F of rank d. For the definition of row echelon form (row-reduced
echelon matrix) please consider [3, Chap. 1, p. 11].
The set of d dimensional subspaces of an n dimensional vector space
over a field F is denoted by GrF (d, n) or shortly by Gr(d, n) if there
is no confusion on the base field and it is called the Grassmannian.
Grassmannians have rich mathematical structures with wide applica-
tions and have been studied in the literature over the years from alge-
braic, topological and geometric points of view, see e.g. [1], [2], [4] and
[5].
If F is a finite field of size q then the well known Gaussiann formula
computes the cardinality of the Grassmannian Gr(d, n) as a rational
formula:
|Gr(d, n)| =
(qn − 1)(qn − q)...(qn − qd−1)
(qd − 1)(qd − q)...(qd − qd−1)
.
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In this paper we give a new formula for the size of the Grassmannian.
In fact, Theorem 2.1 and Theorem 2.3 are the main contributions of
this paper. Theorem 2.1 establishes a one to one correspondence be-
tween the Grassmannian GrF (d, n) and EF (d, n). Specially, if the base
field is finite then we obtain a polynomial-type formula for the cardi-
nality of the Grassmannian Gr(d, n), see Theorem 2.3.
2. Main Results
Theorem 2.1. The map R  rs(R) is a bijection from EF (n) onto
n⋃
d=0
Gr(d, n).
Proof. Without loss of generality, we may work with the vector
space F n. First we show that the above map is surjective. If W ∈
n⋃
d=0
Gr(d, n) then dimW = d for some 0 ≤ d ≤ n. Let B = {α1, ..., αd}
be an ordered basis ofW where αi ∈ F
n. Let A be the n×n matrix over
F whose first d rows are the vectors of B and the remaining n−d rows
of A are zero. It is clear that rs(A) = W . It is well known that there
exists an n×n row echelon form R over F which is row-equivalent to A.
By [3, Chap. 2, Theorem 9], row-equivalent matrices have the same row
spaces. Thus rs(R) = rs(A) = W . Hence, the above map is surjective.
Suppose rs(R) = rs(R′) for some R,R′ ∈ EF (n). We shall prove that
R = R′. Let ρ1, ..., ρd (resp. ρ
′
1, ..., ρ
′
d′) be the non-zero row vectors of
R (resp. R′). Assume that the leading non-zero entry of ρi (resp. ρ
′
j)
occurs in column ki (resp. k
′
j). We have dim
(
rs(R)
)
= dim
(
rs(R′)
)
.
By [3, Chap. 2, Theorem 10], d = dim
(
rs(R)
)
and d′ = dim
(
rs(R′)
)
.
Therefore d = d′. Now to prove R = R′ it suffices to show that ρi = ρ
′
i
for all i with 1 ≤ i ≤ d. If β = (b1, ..., bn) ∈ rs(R) then there exist
scalers c1, ..., cd ∈ F such that β =
d∑
i=1
ciρi. We have cℓ = bkℓ for all ℓ.
Because if ρi = (Ri1, ..., Rin) then from β = (b1, ..., bn) =
d∑
i=1
ciρi we get
that bkℓ =
d∑
i=1
ciRikℓ =
d∑
i=1
ciδiℓ = cℓ. Therefore:
(1) β =
d∑
i=1
bkiρi.
The expression (1), yields that if β 6= 0 then the index of the first
non-zero component of β belongs to the set {k1, ..., kd}. Because at
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least one of the bk1 , ..., bkd is non-zero. Suppose bkt is the first non-zero
between them, i.e. kt is the least index between the indices {k1, ..., kd}
for which bkt 6= 0. Therefore we can write:
(2) β =
d∑
i=t
bkiρi.
We prove that bj = 0 for all j with j < kt. From (2), we have
bj =
d∑
i=t
bkiRij . Since j < kt < kt+1 < ... < kd, then by the defini-
tion of row-reduced echelon matrix, Rij = 0 for all i with t ≤ i ≤ d.
Hence, bj = 0. Therefore, bkt is the first non-zero component of β. On
the other hand, since ρ′j = (R
′
j1, ..., R
′
jn) ∈ rs(R
′) = rs(R) thus the
expression (1) implies that ρ′j =
d∑
i=1
R′jkiρi for all j with 1 ≤ j ≤ d. By
the definition of row-reduced echelon matrix, the first non-zero com-
ponent of ρ′j occurs in k
′
j, i.e. R
′
jk′j
= 1. Now, using what we have
just proved in the above for the first non-zero component, we have
k′j ∈ {k1, ..., kd} for all j with 1 ≤ j ≤ d. Also, since k1 < k2 < ... < kd
(resp. k′1 < k
′
2 < ... < k
′
d), one has then k
′
j = kj for all j with 1 ≤ j ≤ d.
Finally, we have ρ′j =
d∑
i=1
R′jkiρi =
d∑
i=1
R′jk′i
ρi =
d∑
i=1
δjiρi = ρj for all j.
Therefore R = R′. 
Corollary 2.2. There exists a one-to-one correspondence between the
Grassmannian GrF (d, n) and EF (d, n).
Proof. It is an immediate consequence of Theorem 2.1 and [3, Chap.
2, Theorem 10]. 
In Theorem 2.3, by S(d) we mean the set of all (s1, ..., sd) ∈ N
d such
that 1 ≤ s1 ≤ n−d+1 and si−1 < si ≤ n−d+i for all i with 2 ≤ i ≤ d.
Theorem 2.3. If F is a finite field with q elements Then:
|GrF (d, n)| =
∑
(s1,...,sd)∈S(d)
q
d(n−d)+
d(d+1)
2
−
d∑
i=1
si
.
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Proof. For each s = (s1, ..., sd) ∈ S
(d) consider the subset Rs ⊆
EF (d, n) consisting of all R ∈ EF (d, n) such that for each 1 ≤ i ≤ d the
leading non-zero entry of i−th row ofR occurs in the column si. Clearly
the Rs are pairwise disjoint sets and EF (d, n) =
⋃
s∈S(d)
Rs. Therefore by
Corollary 2.2, we have |Gr(d, n)| =
∑
s∈S(d)
|Rs|. It suffices to show that:
|Rs| = q
d(n−d)+
d(d+1)
2
−
d∑
i=1
si
.
If R ∈ Rs then for each 1 ≤ i ≤ d, at each i−th row of R, d entries
are 0 or 1 (the entry 1 occurs in the column si and zero entries in the
columns sj, j 6= i). Also, on every i−th row of R, by the definition
of row echelon form, we have Rj,si = 0 for each j < si, the number of
these entries is si−1, since we have counted i−1 of them already in the
above, therefore on every i−th row of R, the total number of entries
which are 0 or 1 is d+(si−1)− (i−1) = d+si− i. Thus on every i−th
row of R, n − d− (si − i) entries are arbitrary scalers in F , and so in
matrix R,
d∑
i=1
(n− d− (si − i)) = d(n− d) +
d(d+1)
2
−
d∑
i=1
(si) entries are
arbitrary scalers. Therefore we get that |Rs| = q
d(n−d)+
d(d+1)
2
−
d∑
i=1
(si)
. 
Remark 2.4. By Theorem 2.3, we have |Gr(1, n)| =
n−1∑
i=0
qi = qn−1 +
qn−2+ ...+1. |Gr(0, n)| = |Gr(n, n)| = 1. More generally, |Gr(d, n)| =
|Gr(n− d, n)|.
Remark 2.5. In order to express the coefficients of the polynomial-
type formula which appear in Theorem 2.3 more precisely we act as
follows. We consider the equivalence relation ∼ on S(d) as (s1, ..., sd) ∼
(s′1, ..., s
′
d) if and only if
d∑
j=1
sj =
d∑
j=1
s′j . For (s1, ..., sd) ∈ S
(d), let
[s1, ..., sd] denotes its equivalence class. Then Theorem 2.3 yields that:
|Gr(d, n)| =
d(n−d)∑
ℓ=0
cℓq
d(n−d)−ℓ = c0q
d(n−d) + c1q
d(n−d)−1 + ... + cd(n−d)
where for each 0 ≤ ℓ ≤ d(n − d), cℓ is the cardinality of the class
[s1, ..., sd] whenever ℓ +
d(d+1)
2
=
d∑
k=1
sk for some (s1, ..., sd) ∈ S
(d). By
induction on ℓ, one can show that each cℓ ≥ 1. For ℓ = 0, take
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(s1, s2, ..., sd) = (1, 2, ..., d) which belongs to S
(d) and 0+ d(d+1)
2
=
d∑
i=1
si,
thus c0 = |[1, 2, ..., d]| ≥ 1. Now let ℓ > 1. Then by induction hy-
pothesis, there exists (s1, ..., sd) ∈ S
(d) such that ℓ − 1 =
d∑
i=1
(si − i).
But there exists some 1 ≤ j ≤ d, so that sj < n − d + j. Take
j0 := max{j : 1 ≤ j ≤ d, sj < n − d + j}. Now, set s
′
i = si
for each i 6= j0 and s
′
j0
= sj0 + 1. Then, (s
′
1, ..., s
′
d) ∈ S
(d) and
ℓ =
d∑
i=1
(s′i − i). Therefore cℓ = |[s
′
1, ..., s
′
d]| ≥ 1. Furthermore, it is easy
to see that c0 = c1 = cd(n−d)−1 = cd(n−d) = 1. Therefore |Gr(d, n)| =
qd(n−d) + qd(n−d)−1 + c2q
d(n−d)−2 + c3q
d(n−d)−3...+ cd(n−d)−2q
2 + q + 1.
We conclude this paper by proposing the following question. Could one
describe the coefficients c2, c3, ..., cd(n−d)−2 which appear in the above
formula somehow more precisely than described in the above?
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